From the unified statistical thermodynamics of quantum gases, the virial coefficients of ideal Bose and Fermi gases, trapped under generic power law potential are derived systematically. From the general result of virial coefficients, one can produce the known results in d = 3 and d = 2. But more importantly we found that, the virial coefficients of Bose and Fermi gases become identical (except the second virial coefficient, where the sign is different) when the gases are trapped under harmonic potential in d = 1. This result suggests the equivalence between Bose and Fermi gases established in d = 1 (J Stat Phys, DOI 10.1007/s10955-015-1344-4). Also, it is found that the virial coefficients of two-dimensional free Bose (Fermi) gas are equal to the virial coefficients of one-dimensional harmonically trapped Bose (Fermi) gas.
Introduction
After the demonstration by Einstein [1, 2] that there is a possibility of condensation of free bosons, bulk behavior of ideal free Bose gas are studied by many authors [3, 6, 7, 8, 9] . At the same time, theoretical investigations are also done for the free Fermi gas [12, 13, 14, 15, 16] and remarkable property of degeneracy pressure of the free fermions are noticed [4] . Dimensional dependence of the thermodynamic quantities of both types of ideal quantum gases are investigated in detail [3, 10, 11] and interesting dimensional dependence of thermodynamic quantities was reported. For instance, BEC is noticed in free Bose gas only when d > 2, whether the specific heat is found discontinuous if d ≥ 4. But, it was May [6] , who first noticed an equivalence of specific heat for two-dimensional ideal free bosons and fermions. Later, Lee [17] generalized this equivalence between two-dimensional quantum gases for other thermodynamic quantities as well. It is reported in the paper that, one can obtain this equivalence, if the fugacities of Bose and Fermi gases are related by Euler transformation [17, 18] . He also found a way to present the thermodynamic quantities of both of Fermi and Bose gases in a unified approach. Vieferes et. al. [19] showed that all the virial coefficients are equal in two dimensional free quantum gases (except the second virial coefficients for which the signs are opposite).
The subject of quantum gases drew more attention after it was possible to experimentally detect BEC [20, 21, 22] and Fermi degeneracy [23] in trapped quantum gases. Since then, a lot of studies are done on Bose and Fermi gas trapped under generic power [24, 25, 26, 27, 28, 29, 30, 31] 
| n i ) in arbitrary dimension. Some drastic changes are noted in the characteristics of both Bose and Fermi gases due to trapping potential [24, 25, 26, 27, 28, 29, 30, 31] . For instance, Bagnato and Kleppner demonstrated the possibility of BEC of an ideal Bose gas confined by one-and two-dimensional power-law traps [32, 33] (d < 3) with appropriate trapping potential, which is not a property of free Bose gas [25, 30] . In addition, the equivalence of two-dimensional free quantum gases do not remain valid for any trapping potential [34] . Very recently Mehedi [34] was able to present the thermodynamics of both types of quantum gases trapped under generic power law potential in a unified way. Remarkably an equivalence between them in d=1 was found for harmonically trapped systems [34] . Turning our attention towards virial coefficients, it would be intriguing to check if the virial coefficients become equal, for harmonically trapped quantum gases in one dimension.
Virial coefficients appear to relate the pressure of a many-particle system in powers of the number density in a given d-dimensional volume, providing a systematic treatment in the corrections of the laws of ideal gases. The d dimensional virial coefficients of quantum gases trapped under generic power-law potentials are not yet reported. In this paper, we have first calculated the virial coefficients of both types of ideal quantum gases trapped under generic power law potential
in a unified approach in arbitrary dimension. But the main motivation of this investigation is to check out whether the virial coefficients of Bose and Fermi gases become same for when they are harmonically trapped in d = 1. Now, from the more general result one should be able to reproduce the known solutions such as text book results of virial coefficients of bosons and fermions in d=3 and the outcome of Vieferes et. al.'s calculation relating virial coefficients of two-dimensional free Bose and Fermi gases. But more importantly, we would be able to find out, whether the virial coefficients are also the same for one-dimensional quantum gases trapped in a harmonic potential, suggesting the equivalence found by Mehedi [34] .
2 Virial coefficients of ideal quantum gases trapped under generic power law potential
For a quantum gas, the average number of particles occupying the i-the single particle energy eigenstate and the grand potential are given byn
and,
where, a = −1(1) stands for a Bose systems (Fermi systems), z is the fugacity and β = 1 KT is the Boltzmann constant. Let us consider an ideal quantum system trapped in a generic power law potential in d dimensional space with a single particle Hamiltonian of the form,
where, b, l, a i , c i and n i are all positive constants, p is the momentum and x i is the i th component of the coordinates of a particle. Here, c i , a i , n i determine the depth and confinement power of the potential, l is the kinematic parameter, and x i < a i . As | one can get the energy spectrum of the hamiltonian used literature [4, 3, 25] . If one uses l = 1 and b = c one finds the hamiltonian of massless systems such as photons [4] . Now replacing the sum by integration, the grand potential for the quantum gases become [34] ,
where, λ ′ and V ′ is the effective thermal wavelength and effective volume, 1 and Li χ (σ) is the polylog function. Here,
And a useful representation of polylog is [17] 
for Re(m) < 1. And quantity χ and σ are,
where z is the fugacity. Now the density can be calculated from the grand potential,
And the pressure,
Now writing the the pressure and density equation as series [4] 
Where the coefficients b j are defined as,
Next we need to express the fugacity in terms of density so that one can write the pressure as a series of density. Writing the density equation explicitly,
In the high temperature limit we can approximate fugacity,
Putting z into the expression λ ′d ρ,
Now comparing the equation (15) and (17), 
The virial expansion is defined as,
where, A l are the virial coefficients. Thus comparing the above two equations we can calculate the virial coefficients, where, the b j are defined in equation (14) . Point to note that, these results are quite general for ideal quantum gas trapped under generic power law potential. Depending upon boson or fermion as well as the type of trapping potential the virial coefficients, eq. (22) - (28) will change accordingly. Also, the result of eq. (22) - (25) coincides well with [35] .
Results
The results of virial coefficients presented in eq. (22)- (28) are for ideal quntum gases trapped under generic power law potential in any dimension. In this section we first present the final results for some specific situation. We have later presented two tables containing the results of virial coefficients of bosons and fermions, trapped under different power law potentials.
Free quantum gases in d=3
At first, we present the virial coefficients for the free massive bosons (l = 2) in three dimensional space. So, choosing d = 3 and all n i −→ ∞ which leaves us χ = 3 2 . In this case eq. (22)- (28) (30) concurs with Ref. [4] . It is interesting to point out that, in the case of Fermi gases in d = 3 the virial coefficients alters sign while all the virial coefficients of Bose gases are negative. Point to note, any negative (positive) virial coefficient A n indicates that, the n-particle wave function is symmetric (asymmetric). As the bosonic n-particle wave function is always symmetric in three-dimensional space, we see the virial coefficients of bosons are negative. And as we know in three dimensions, the n particle fermion wavefunctions (even n) are anti-symmetric, A n are positive for even n, in d = 3. But any n-particle Fermi wavefunction is symmetric in d=3 while n is odd. So, we have found negative virial coefficient A n , for odd n. Thus we find out the reason due to which we get the alternating sign in virial coefficients of Fermi gas in d = 3.
Free quantum gases in d=2
Turning our focus on the virial coefficients of free massive quantum gases in lower dimensions we choose d = 2 and all n i −→ ∞, and find out that χ = 2. Eq. (22)- (28) The results matches precisely with the viefers et. al. [19] . Please note that, all the virial coefficients for Bose gases are equal to Fermi gases (except for the second virial coefficient, for which the signs are opposite). This important result turns out to indicate the equivalence of free Bose and Fermi gases in two dimension [17] . And the opposite signs of second virial coefficient indicates that, the only difference in pressures between free Fermi and Bose gases is the Fermi degeneracy pressure [19] . Also, note that all the even virial coefficients are zero after A 2 . Both of these features are explained later, more carefully. But it is reported in ref. [34] the equivalence found in Two-dimensional quantum gases is lost when they are trapped with potential. So, let us now turn our attention towards the virial coefficients of the trapped system.
Effect of trapping potential on virial coefficients
To see the effect of different trapping potential in the various dimension we introduce two tables presenting virial coefficients of Bose (table 1) and Fermi gases (table 2) below. In this case we have considered symmetric potential, i.e. n 1 = n 2 = .. = n d = n. It is clear from the tables that the trapping potential greatly affects the virial coefficients.
More importantly, it is seen in the tables that the virial coefficients of one dimensional harmonically trapped Bose gases are equal to the one dimensional harmonically trapped Fermi gases, except the second virial coefficients for which the signs are opposite. This outstanding property, ealier seen in two-dimensional free quantum gases, indicates the equivalence reported by Mehedi et.al. [34] . Another intriguing behavior is the appearance of even virial coefficients being zero while there is an equivalence in Bose and Fermi gases are seen in this case, which is also found in two-dimensional free quantum It is very important to point out in both the cases where this equivalence of Bose and Fermi gases are noticed [34] takes the value χ = 1. Now, focusing over the harmonically trapped quantum gases in one dimension, we find the density of such quantum gases
where, the upper sign is for fermions and the other is for boson. From this we can explicitly write the fugacity, which is
The pressure equation leads us to
Now using the techniques of partial derivative (
) T , we get from the above two equations,
Now the equation of state is thus given by,
Notably this functional form can be expressed in terms of Bernoulli numbers [19] ,
where, 0 < |p| < 2π. B n are known as Bernoulli numbers and be defined as [36] ,
Again rewriting Eq. (21), choosing d = 1 and n = 2,
Using the above equations we conclude virial coefficients in this case,
Incidentally this is the same result obtained in two dimensional free quantum gas as well [19] . Now as odd Bernoulli numbers B n are zero except (n = 1) we find out even virial coefficients A n will be zero for both Bose and Fermi gases, except (n = 2). As it is seen from above beside the second virial coefficient, all the virial coefficients do become the same when there is an equivalence, let us focus on this phenomena in a more detail. The pressure for one dimensional harmonically trapped quantum gases from equation (38),
So, the difference in pressure of Bose and Fermi gas in this case is,
Now, with harmonic trapping potential
, the right hand side of the above equation is a temperature independent quantity. As it turns out it is nothing but the ground state pressure also known as degeneracy pressure in Fermi gases [34] . similar situation is also observed in ref. [19] in the case of two dimensional free quantum gases. The reason of such phenomena is due to Landen relation of dilog functions [17] ,
where, x 1 and x 2 are related as
, known as Euler transformation [18] . As fugacities of Bose and Fermi gas can be connected as a Euler transformation eq. (10) and (11) dictates the relation described by eq. (43)
Conclusion
The virial coefficients of both types of ideal quantum gases trapped under generic power law potentials are calculated from unified statistical thermodynamics. The general results of this paper coincide with the known results [4, 19] in d = 2 and d = 3 with appropriate choice of n i . The equivalence [17] of two-dimensional ideal free Bose and Fermi gases revealed a remarkable property [19] that their virial coefficient are same (except the second virial coefficient, where the sign is different). We further showed that, the recently established equivalence (in d = 1) between the harmonically trapped ideal Bose and Fermi gases also maintains this property. Hence it can be concluded that, in both of the cases, where equivalence relation can be established between Bose and Fermi gas, bosons and fermions do carry identical virial coefficients. Also from the table, one can see that the virial coefficients of twodimensional free quantum gases are identical to the virial coefficients of one-dimensional harmonically trapped quantum gases. This interesting result suggests that the high-temperature behavior of bosons and fermions in these two types of systems should be indistinguishable. Lastly, since the calculation in this paper is done in thermodynamic limit, the virial coefficients are yet to be done beyond the thermodynamic limit. We are currently doing this using Yukolov's semiclassical approximation [37] . It will be equally intriguing to examine the behavior of virial coefficients for relativistic quantum gases by taking into account the effect of antiparticles.
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